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ABSTRACT
Type I X-ray bursts are thermonuclear burning events which occur on the surfaces of
accreting neutron stars. Burning begins in a localised spot in the star’s ocean layer
before propagating across the entire surface as a deflagration. On the scale of the
entire star, the burning front can be thought of as discontinuity. To model this, we
investigated the reactive Riemann problem for relativistic deflagrations and detona-
tions and developed a numerical solver. Unlike for the Newtonian Riemann problem,
where only the velocity perpendicular to the interface is relevant, in the relativistic
case the tangential velocity becomes coupled through the Lorentz factor and can alter
the waves present in the solution. We investigated whether a fast tangential velocity
may be able to cause a deflagration wave to transition to a detonation. We found that
such a transition is possible, but only for tangential velocities that are a significant
fraction of the speed of light or for systems already on the verge of transitioning. Con-
sequently, it is highly unlikely that this transition would occur for a burning front in
a neutron star ocean.
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1 INTRODUCTION
Type I X-ray bursts are thermonuclear burning events
which occur on the surfaces of accreting neutron stars (see
Strohmayer & Bildsten (2003); Cumming (2004); in ’t Zand
(2012) for reviews). Burning begins in a localised spot in
the star’s ocean layer before spreading across the entire sur-
face (Joss 1978; Shara 1982). We observe the burning as
a sharp increase in the X-ray radiation of the star. These
bursts typically occur every few hours to days and release
∼ 1039 − 1040erg energy. By gaining a better understanding
of X-ray bursts, tighter limits can be determined for other
neutron star properties such as the mass, radius, spin fre-
quency and magnetic field (Miller 2013; Watts et al. 2016;
O¨zel & Freire 2016).
The physics of X-ray bursts acts over a wide range of
scales, which introduces a number of challenges when mod-
elling them. During an X-ray burst, the burning front propa-
gates as a deflagration through the ocean. Whilst we expect
the motion of the front to be driven by turbulent combustion
(Reinecke et al. 1999), the burning itself will be confined to
a reaction zone no more than a few centimetres thick (Klein
1998; Hillebrandt et al. 2013). When the front is viewed on
length scales of the order the neutron star radius, the front
can be treated as a discontinuity, with the burning reactions
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happening on very short timescales compared to the prop-
agation of the front. We can consider the front to be sharp
(i.e. a discontinuous change in the matter fields) and gov-
erned by the equations of ideal (relativistic) hydrodynamics
with a reaction term. In this case, we can approximate the
system as a reactive Riemann problem.
The reactive Riemann problem was first considered by
Zhang & Zheng (1989), where they looked at the problem
for gasdynamic combustion. They modelled the combustion
process as the release of binding energy q through the burn-
ing of the reactive gas. They treat this process as if it has an
infinite rate of reaction so that it happens instantaneously
once the unburnt gas reaches a certain ignition tempera-
ture; after burning the temperature of the burnt gas may
not remain higher than this. The solution to the Riemann
problem with reactions may now include detonations and
deflagrations, the reactive counterparts of shock and rar-
efactions with the additional release of binding energy. This
shall be discussed in more detail in Section 3.
As found by Pons et al. (2000); Rezzolla & Zanotti
(2002), special relativistic effects exist in the solution of
the Riemann problem for inert relativistic hydrodynamics
for which there are no Newtonian counterparts. Specifically,
the qualitative development of the Riemann problem can
depend on the magnitude of the component of the fluid ve-
locity tangential to the initial discontinuity. Such a jump
in the tangential velocity could appear automatically at a
© 2018 The Authors
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burning front as it progresses across a rotating neutron star,
as the reacted products behind the front will lead to small
changes in the local mass, without changing the specific an-
gular momentum due to the global rotation. We will show
that changes from subsonic deflagrations to supersonic det-
onations can occur in relativity from the introduction of a
non-zero tangential velocity, and discuss whether this may
be relevant for the rapid fluctuations in the burning front
associated with X-ray bursts.
We shall begin in Section 2 by describing the Riemann
problem, and its extension to the reactive Riemann problem
in Section 3 and the relativistic reactive Riemann problem
in Section 4. In Section 5, we shall present results produced
by a numerical solver for the relativistic reactive Riemann
problem, R3D2. A detailed description of this code was pre-
viously presented in Harpole & Hawke (2016). We will show
that the introduction of tangential velocities is sufficient to
change the wave pattern from deflagration to detonation and
consider whether the magnitude of tangential velocity re-
quired for this transition could be achieved in neutron star
oceans.
2 THE RIEMANN PROBLEM
The Riemann problem is defined as a system of hyperbolic
conservation laws whose initial data q(0, x) consists of two
constant states, qL, qR, separated by a single jump discon-
tinuity (LeVeque 2002),
q(0, x) =
{
qL if x < 0,
qR if x > 0.
(1)
The solution of the Riemann problem involves computing
the breakup of the initial discontinuity. This consists of a
set of waves separating a set of constant states. These waves
can be simple waves, which can take the form of nonlin-
ear waves (such as shocks or rarefactions) and linear waves
(such as contact discontinuities and rotational linear waves
in MHD). As shall be seen for the reactive Riemann prob-
lem, the solution may also contain compound waves if the
flux is non-convex. These consist of multiple simple waves
‘attached’ to each other, moving as one. The exact nature
of the wave pattern, including the number of waves in the
final state, depends on the initial conditions of the problem.
The solution is self-similar, such that it can be written as a
function of a single independent variable,
ξ =
x
t
. (2)
Waves in the solution follow lines of constant ξ. In the case
of a non-reactive fluid, the discontinuity will decay into two
nonlinear waves moving in opposite directions with respect
to the fluid flow. Between these two waves will be two new
constant states q∗L, q
∗
R, separated by a contact discontinuity
that moves with the fluid velocity.
We wish to solve the Riemann problem for the non-
relativistic Euler equations
∂q
∂t
+
∂f (i)(q)
∂xi
= 0, (3)
where
q =
(
ρ, ρvj , E
)ᵀ
(4)
x
I
t
W→W←
C
L R
L∗ R∗
Figure 1. Wave pattern for the Riemann problem of a non-
reactive fluid with initial left and right states L, R. The initial
discontinuity decays into two nonlinear wavesW←,W→, between
which there are two new constant states L∗, R∗ separated by a
linear contact discontinuity C.
is the state vector of conserved variables. ρ is the density,
vj the fluid velocity in the j-direction and E = ρe+ 1
2
ρv2 is
the total energy, where e is the specific internal energy. The
corresponding vector of fluxes is then
f (i) (q) =
(
ρvi, vivj + pδij , (E + p)vi
)ᵀ
. (5)
The system is closed by an equation of state, e = e(p, ρ).
We can represent the time evolution of the Riemann
problem in a non-reactive fluid with the initial state I as
I → LW←L∗CR∗W→R, (6)
where W denotes a nonlinear simple wave (a shock or a
rarefaction) and C a contact discontinuity. The states are
labelled from left to right by L,L∗, R∗ and R. The arrows
represent the direction from which a fluid element enters the
wave. This solution is illustrated in Figure 1.
The distinction between shock and rarefaction waves is
determined by the difference in pressure between the left
and right states, such that
W =
{
R, pb ≤ pa,
S, pb > pa.
(7)
The subscripts indicate quantities ahead of and behind the
wave: a ≡ L(R) and b ≡ L∗(R∗) for W←(W→). The initial
discontinuity can decay in three distinct ways,
I →

LS←L∗CR∗S→R, if pL < p∗ and pR < p∗,
LS←L∗CR∗R→R, if pL < p∗ ≤ pR,
LR←L∗CR∗R→R, if p∗ ≤ pL and p∗ ≤ pR,
(8)
where pL∗ = pR∗ = p∗. Which of these three wave patterns
the solution takes depends on the initial data.
2.1 Exact solution
For the inert non-relativistic Riemann problem, it is possible
to find an exact solution if the initial states qL and qR are
known. As the pressure and normal velocity are constant
across the contact wave, we can find the solution by solving
an implicit equation for the pressure in the star states p∗
(Toro 1999),
f(p∗, qL, qR) ≡ fL(p∗, qL) + fR(p∗, qR) + ∆v = 0, (9)
MNRAS 000, 1–10 (2018)
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where ∆v ≡ vx,R − vx,L is the difference across the wave of
the normal velocity, vx. Denoting the left and right states
L, R by S, the functions fL, fR are given by
fS(p∗, qS) =

(p∗ − pS)
(
AS
p∗+BS
) 1
2
if p∗ > pS (shock),
2cs,S
γS−1
[(
p∗
pS
) γS−1
2γS − 1
]
if p∗ ≤ pS (rarefaction),
(10)
where the constants AS , BS are given by
AS =
2
(γS + 1)ρS
, BS =
γS − 1
γS + 1
pS . (11)
The adiabatic index γS = cp,S/cV,S is the ratio of specific
heat capacities. It need not be the same in the left and right
states – this solution holds even if the initial states have dif-
ferent equations of state. Once the pressure in the star states
has been obtained, the other variables in the star states can
then be calculated using the equation of state. The normal
velocity in the star state vx,∗ is given by
vx,∗ =
1
2
(vx,L + vx,R) +
1
2
[fR (p∗)− fL (p∗)] . (12)
3 THE REACTIVE RIEMANN PROBLEM
The nature of the thermonuclear burning that occurs during
type I X-ray bursts is largely dependent on the composition
of the accreted material and the accretion rate. The sim-
plest case is that of a star accreting pure 4He, where the
burning proceeds via the 3α process; in bursts involving H,
slower β-decay limited processes must also be taken into ac-
count (Malone et al. 2011). A simple model of 4He burning
is to use a two species system (rather than using a com-
plex reaction network), consisting of the unburnt 4He and
the 12C ashes (Cumming & Bildsten 2000). As described by
Spitkovsky et al. (2002), such a two species model neglects
further energy release due to nuclear evolution beyond car-
bon, however it is sufficient for the purposes of our work.
To model reaction terms, we can add a source term
to the Euler equations (3) and extend the state vector to
model the evolution of the baryon fraction X (assuming a
two-species system where 0 ≤ X ≤ 1). The Euler equations
therefore become
∂q
∂t
+
∂f (i)(q)
∂xi
= S, (13)
where the state vector of conserved variables is now
q =
(
ρ, ρvj , E, ρX
)ᵀ
, (14)
the fluxes are given by
f (i)(q) =
(
ρvi, vivj + pδij , (E + p)vi, ρXvi
)ᵀ
(15)
and the source term is
S = (0, 0, ρqω˙, ρω˙)ᵀ . (16)
Here, ω˙ is the species creation rate of species X and q is the
specific binding energy.
In the reactive Riemann problem, we are interested in
systems where the reactions happen ‘instantly’, i.e. where
the species creation rate ω˙ →∞. If we work in the frame of
the flow, we see that the jump in the energy is given by
Q =
∫ X=1
X=0
dX
ρ
= q, (17)
where X is the species mass fraction and q is the specific
binding energy. Therefore, we can model the system by ne-
glecting the source terms completely (as they model the re-
actions which are happening ‘instantly’) and instead con-
sider the equation of state to change across the sharp, non-
linear wave that models the reaction. Specifically, the total
internal energy e that specifies the equation of state will
change to e → e − q when the reaction takes place. This
is precisely the model considered by Zhang & Zheng (1989)
when constructing their Newtonian reactive Riemann prob-
lem solution.
3.1 Detonations
A detonation is a discontinuous reactive wave across which
the pressure increases. The equations to be solved to find
the change in variables across the wave are identical to the
equations (10) for shocks, but the interpretation changes.
All ‘known’ (pre-shock) variables have the reactive equation
of state. All ‘unknown’ (post-shock) variables use the inert
equation of state – the reaction has taken place across the
discontinuity.
It is possible that the resulting detonation wave is un-
stable. In general, detonations fall into two classes: unstable
weak detonations and stable strong detonations. For the sta-
ble strong detonations, the characteristic waves impinge on
the discontinuity from both sides (see Figure 2a). For the un-
stable weak detonations, the characteristics only enter the
discontinuity on one side.
If the solution takes the form of an unstable weak det-
onation, the single detonation wave is replaced by a com-
pound wave. The compound wave is composed of the fastest
detonation wave that is stable, a Chapman-Jouget (CJ) det-
onation, and a rarefaction. This CJ detonation is where the
characteristic waves are parallel to the discontinuity, propa-
gating at the same speed. It can be thought of the ‘weakest’
possible strong detonation. As the post-detonation pressure
will now no longer match the required post-wave pressure,
the additional rarefaction wave is needed. This is illustrated
in Figure 2b.
Using the calligraphic notation used above to represent
the time evolution of the Riemann problem, we shall denote
strong detonations by SDT and CJ detonations by CJDT .
3.2 Deflagrations
A deflagration is a discontinuous reactive wave across which
the pressure decreases. If the equation of state is convex and
the reaction exothermic, then across a reactive discontinuous
wave the pressure increases. Consequently, reactions cannot
happen across a rarefaction wave and a discontinuity is re-
quired. However, this discontinuity will reduce the temper-
ature along with the pressure. This means that, unless the
material was already at the right temperature to react, any
reaction across this wave would be unphysical. The solution
for a deflagration therefore requires a compound wave.
The compound wave starts with an inert precursor
MNRAS 000, 1–10 (2018)
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x
0
t
SDT
qL qR
(a) Strong detonation
x
0
t
R
CJDT
qL qR
(b) CJ detonation + rarefaction
Figure 2. Characteristics of detonations. For the strong deto-
nation, characteristics (blue lines) from the initial left and right
states meet, forming a strong detonation (thick red line).
For the unstable weak detonation, the characteristics impinge
only on the right side of the discontinuity. It is replaced by a
compound wave made up of a CJ detonation (red line) and a
rarefaction (thick black lines and dashed blue lines). The dotted
green line between them illustrates that the characteristics to the
left of the CJ detonation are parallel to the discontinuity – in re-
ality, the width of this region shrinks to zero and the detonation
and rarefaction waves are attached together.
shock which raises the temperature of the material to the
ignition temperature. This follows the exact equations (10)
of the shock, as in the detonation case, and we solve across
the discontinuity using standard techniques. Next, there is a
deflagration wave, across which the reaction takes place and
the pressure drops. Again, this follows the shock equations
for a rarefaction, but with the same interpretation as in the
detonation case.
The deflagration wave need not be stable. As with det-
onations, deflagrations fall into two classes: stable weak de-
flagrations and unstable strong deflagrations. For the stable
weak deflagrations, the characteristic waves from one side
impinge on the discontinuity, but not the other (see Fig-
ure 3a). For the unstable strong deflagrations, neither set of
characteristic waves impinge on the discontinuity.
As for detonations, in the case of an unstable strong
deflagration, the deflagration wave is replaced with a com-
pound wave composed of a CJ deflagration (where the char-
acteristics are parallel to the discontinuity) and a rarefaction
wave (see Figure 3b).
In the calligraphic notation, we shall denote weak de-
flagrations by WDF and CJ deflagrations by CJDF .
x
0
t
WDF
qL qR
(a) Weak deflagration
x
0
t
qL qR
CJDF
R
(b) CJ deflagration + rarefaction
Figure 3. Characteristics of deflagrations. For the weak defla-
gration, the characteristics (blue lines) impinge on the left side of
the discontinuity only. To the right is a smooth transition zone
(dashed red lines), on the left edge of which the reaction takes
place.
In the case of an unstable strong deflagration, characteristics on
either side of the discontinuity diverge. It is therefore replaced by
a compound wave composed of a CJ deflagration (red lines) and
a rarefaction (thick black lines and dashed blue lines). The dotted
green line between them illustrates that the characteristics to the
left of the CJ deflagration are parallel to the discontinuity – in re-
ality, the width of this region shrinks to zero and the deflagration
and rarefaction waves are attached together.
3.3 Pressure-volume plot
Another way to visualise the possible solutions for the reac-
tive Riemann problem is to use a pressure-volume plot such
as Figure 4, which follows (Law 2006). Here, we plot the
dimensionless pressure pˆ = p∗/pS against the specific vol-
ume vˆ = 1
ρ∗ /
1
ρS
, such that the known state S corresponds
to the point (1, 1). From the Rankine-Hugoniot relations,
which relate the known state to the unknown state, we ob-
tain equations for the Rayleigh lines (solid red and blue)
p∗ − pS
1
ρ∗ − 1ρS
= −m2, (18)
where the mass flux m = ρSvS = ρ∗v∗, and for the Hugoniot
curve (solid black)
γ
γ − 1
(
p∗
ρ∗
− pS
ρS
)
− 1
2
(
1
ρ∗
+
1
ρS
)
(p∗ − pS) = Q, (19)
whereQ is the reaction energy released per unit mass defined
in (17).
The possible solutions are bounded by the intersections
of the Rayleigh lines and the Hugoniot curve. The pressure
jump across a detonation must therefore be somewhere be-
MNRAS 000, 1–10 (2018)
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vˆ = 1/ρˆ
pˆ
1
1
weak deflagration
strong deflagration
CJ deflagration
strong detonation
weak detonation
CJ detonation
Figure 4. Solutions of the reactive Riemann problem, as bounded
by the Rayleigh lines (solid red and blue lines) and the Hugoniot
curve (solid black curve). The point (1, 1), where pˆ = vˆ = 1,
corresponds to the known state. The dashed lines indicate the
tangents to the Hugoniot curve passing through the known state,
which intersect with the curve at the CJ points.
tween that of a weak detonation and a strong detonation
(and similarly for deflagrations). The two tangent lines to
the Hugoniot curve that pass through the known state inter-
sect at the CJ points. These points separate strong detona-
tions (deflagrations) from weak detonations (deflagrations),
and occur where the flow in the unknown state is sonic, with
velocity v∗ = cs,∗.
4 THE RELATIVISTIC REACTIVE RIEMANN
PROBLEM
In Newtonian hydrodynamics, the solution to the Riemann
problem depends only on the normal component of any vec-
tor quantities in the initial conditions. However, in relativis-
tic systems, the Lorentz factor introduces a coupling be-
tween the normal and tangential components. As found by
Pons et al. (2000); Rezzolla & Zanotti (2002) for the inert
case, for high enough tangential velocities, the solution will
smoothly transition from one wave pattern to another while
maintaining the initial states otherwise unmodified. This is
an entirely relativistic effect for which there is no Newtonian
counterpart.
For the problem we are interested in (modelling neutron
star oceans), we require general relativistic hydrodynamics.
However, as described by Pons et al. (1998), we need only
consider the simpler special relativistic Riemann problem.
The Riemann problem for general relativistic fluids can be
solved using special relativistic solvers following an appro-
priate coordinate transformation which transforms the coor-
dinates at the interface to be locally Minkowskian. This fol-
lows from the equivalence principle, which states that phys-
ical laws in a local inertial frame for an arbitrary spacetime
have the same form as those of special relativity.
The introduction of this gauge transformation will
change the component representation of the initial data and
therefore change the detailed solution of the Riemann prob-
lem. However, the qualitative wave pattern is gauge invari-
ant. Therefore transforming to the local inertial frame and
using special relativistic solvers will allow us to determine
the qualitative wave pattern with gravity.
In the following sections, we shall present the solutions
for rarefactions and shocks, based on the equations given in
Mart´ı & Mu¨ller (1994); Pons et al. (2000); Mart´ı & Mu¨ller
(2003, 2015).
4.1 Rarefactions
Given the known state S ahead of the rarefaction wave, we
wish to calculate the unknown state behind the wave. Across
a rarefaction, the normal velocity vx satisfies
dvx
dp
= ± 1
ρhW 2cs
1√
1 + g (ξ±, vx, vt)
, (20)
where vt is the modulus of the tangential velocity, and we
define the quantities
g(ξ±, vx, vt) =
v2t (ξ± − 1)
(1− ξ±vx)2
, (21)
and
ξ± =
vx(1− c2s)± cs
√
(1− v2)[1− v2c2s − v2x(1− cs)2]
1− v2c2s .
(22)
The +(−) sign corresponds to S = R (S = L), and cs is the
local sound speed. The local speed v =
√
v2x + v
2
t is used to
calculate the Lorentz factor W = (1− v2)−1/2.
We also solve for the rest mass density and specific in-
ternal energy across the wave using
d
dp
(
ρ

)
=
1
hc2s
(
1
p
ρ2
)
. (23)
To find the unknown state, we connect the known state
ahead of the wave to the unknown state behind the wave by
integrating (20). Using the fact that hWvt = const across
a rarefaction wave, we can then calculate the tangential ve-
locity as
vt = hSWSvt,S
[
1− v2x
h2 + (hSWSvt,S)
2
] 1
2
, (24)
where the S subscript denotes the value of the variable in
state S. The relation for the tangential velocity holds across
both continuous and discontinuous waves.
4.2 Shocks
Across a shock, the post-shock state can be found from the
Taub adiabat (Thorne 1973)
Jh2K = (hb
ρb
+
ha
ρa
) JpK, (25)
where JqK = qb − qa. In general, this is solved using the
equation of state to obtain the post-shock enthalpy as a
function of the post-shock pressure, h = h(p).
From this we can compute the mass flux j across the
shock
j(p) =
√
pS − p
h2
S
−h(p)2
pS−p −
2hS
ρS
. (26)
This gives the shock velocities
V±(p) =
ρ2SW
2
Svx,S ± j(p)2
√
1 + ρ2SW
2
S
(
1− v2x,S
)
/j(p)2
ρ2SW
2
S + j(p)
2
.
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(27)
Given the shock velocity we can compute the shock
Lorentz factor WS = (1 − V 2±)−1/2, from which the post-
shock normal velocity is
vx =
(
hSWSvx,S ± (p− pS)
j(p)
√
1− V±(p)2
)
[
hSWS + (p− pS)
(
1
ρSWS
± vx,S
j(p)
√
1− V±(p)2
)]−1
.
(28)
The tangential velocity is the same as for the rarefaction
wave in (24).
4.3 Detonations & deflagrations
The solution procedure for reactive waves in the relativis-
tic problem is the same as that for the Newtonian reactive
Riemann problem discussed above in Section 3. The qual-
itative features are unchanged, with stable reactive waves
taking the form of strong detonations, weak deflagrations or
Chapman-Jouget detonations/deflagrations. Consequently,
we can use the same solution procedure here as in the New-
tonian case, first outlined by Zhang & Zheng (1989).
In brief, if the pressure increases across a reactive wave
we solve for a detonation. The relativistic shock relations
of section 4.2 are used, with the equation of state changing
across the wave as described in the Newtonian case in sec-
tion 3.1. If the characteristics indicate that the detonation
is unstable then a CJ detonation is found, and the relativis-
tic rarefaction relations of section 4.1 used to complete the
compound wave.
If instead the pressure decreases across a reactive wave
then we solve for a deflagration. The inert relativistic shock
that matches the known state to the ignition temperature is
found, and then the relativistic shock relations (with, as in
the detonation case, the equation of state changing across
the reactive wave) are used to find the deflagration. Again, if
the characteristics indicate the deflagration is unstable then
a CJ deflagration is found, and the compound wave solution
completed with a relativistic rarefaction.
4.4 Pressure-volume plot
As we did in Section 3.3 for the Newtonian case, we can
visualise the solutions of the relativistic reactive Riemann
problem using a pressure-volume plot (Gao & Law 2012).
For relativistic flows, the Rayleigh and Hugoniot relations
are given by
(pˆ− 1) = −u2S
[
vˆ − 1 + γ
γ − 1
(
pˆvˆ2 − 1)− qˆ] , (29)
γ + 1
γ − 1(pˆvˆ − 1)− (pˆ− vˆ)− 2qˆ =
γ
γ − 1 pˆ(1− vˆ
2)
− γ
(γ − 1)2 (pˆ
2vˆ2 − 1) +
(
pˆ+
γ + 1
γ − 1
)
qˆ + qˆ2,
(30)
where the normal 4-velocity for state S is uS = vx,SWS ,
pˆ = p∗/pS , vˆ = ρS/ρ∗ and qˆ = ρSpSQ. Comparing these
Figure 5. Pressure-volume plot for the relativistic reactive Rie-
mann problem for normal 4-velocity uS = 0.35, adiabatic index
γ = 5/3 and various values of qˆ. Plotted are the Rayleigh lines
and the Hugoniot curves. Unlike for the Newtonian case, both
the Rayleigh lines and the Hugoniot curves are functions of func-
tions of qˆ, with only the lines for qˆ intersecting the (1,1) point.
As qˆ increases, both the Rayleigh lines and Hugoniot curves move
rightwards, away from the (1,1) point.
to (18) and (19), the key difference is the appearance of
the qˆ term in the Rayleigh relation. This is because in the
relativistic fluid equations, the reaction heat release term is
present in the momentum conservation equation (through
the enthalpy). A consequence of this is that the Rayleigh
lines are now a function of qˆ and will no longer pass through
the (1,1) point in the pˆ− vˆ diagram if qˆ 6= 0.
This can be seen in Figure 5, where the Rayleigh lines
and Hugoniot curves are plotted for various values of qˆ. As qˆ
increases, both the Rayleigh lines and Hugoniot curves move
rightwards, away from the (1,1) point. By varying qˆ, the pos-
sible solutions of the problem changes. For qˆ = 0, there is
a single intersection of the curves at (1,1): only weak defla-
grations are a valid solution. For qˆ = 1, there are two inter-
sections, indicating that both weak and strong deflagrations
are valid for the range of pˆ and vˆ where the Rayleigh line is
above the Hugoniot curve. For qˆ = 2, there are no intersec-
tions. There are therefore no valid deflagration solutions for
this initial data.
In the Newtonian Rayleigh relation (18), the normal ve-
locity appears in the mass flux term. In the corresponding
relativistic relation (29), the tangential velocity vt appears
due to the introduction of the Lorentz factor in the nor-
mal 4-velocity. This means that the Rayleigh curve is now a
function of vt, and its intersection with the Hugoniot curve
will change as vt. This is illustrated in Figure 6, where the
Rayleigh lines are plotted for a range of tangential veloci-
ties. For vt . 0.65, there is only a single intersection of the
Rayleigh line and the Hugoniot curve – only weak deflagra-
tions are possible for this system. For 0.65 . vt . 0.9, the
lines intersect twice, such that both weak and strong defla-
grations are valid solutions for the range of pˆ and vˆ where
the Rayleigh line is above the Hugoniot curve. For vt & 0.9,
there are no intersections of the curves in the bottom right
MNRAS 000, 1–10 (2018)
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Figure 6. Pressure-volume plot for the relativistic reactive Rie-
mann problem for normal 3-velocity vx,S = 0.25 and qˆ = 0.5.
Plotted are the Hugoniot curve and Rayleigh lines for various val-
ues of tangential velocity vt. Unlike for the Newtonian case, the
coupling of the tangential velocity via the Lorentz factor means
that the range of possible solutions changes with the tangential
velocity.
deflagration quadrant, and so no deflagration solutions exist
for the problem. However, it can be seen for the curve with
vt = 0.96 that if the tangential velocity is increased still fur-
ther, the lines will now intersect in the detonation quadrant
of the diagram. Weak detonations are therefore now valid
solutions of the problem. As the Lorentz factor W → ∞,
the Rayleigh and Hugoniot curves still only intersect once.
There are therefore no possible strong detonation solutions
for this system for any value of the tangential velocity.
5 NUMERICAL RESULTS
In order to investigate the reactive relativistic Riemann
problem, we developed the numerical solver, R3D2. This open
source Python-based code solves the equations outlined in
the sections above for the inert and reactive relativistic Rie-
mann problem. A detailed description of the code and in-
structions for its usage can be found in Harpole & Hawke
(2016).
The following section contains results of simulations
performed for a range of 1d systems using R3D2 in order
to demonstrate the features of the inert and reactive rela-
tivistic Riemann problem. We shall show how the solution
changes with tangential velocity and reaction terms.
In this section, we shall restrict ourselves to the gamma
law equation of state,
p = (γ − 1)ρε, (31)
and assume that the heat release parameter q is constant.
These are reasonable assumptions to make when the reac-
tions take place over extremely short timescales, as we as-
sume they do in the reactive Riemann problem. In other
words, we are effectively treating the real problem using
constant γ and q on local scales where the effects of e.g. tur-
bulence, shock curvature and more complex burning can be
neglected.
5.1 Inert relativistic Riemann problem
The effect of tangential velocity in the inert relativistic Rie-
mann problem can be seen in Figure 7. In this example,
the final state is made up of a left-going rarefaction wave,
a contact wave and a right-going shock wave: R← C S→. We
can see that the introduction of a tangential velocity re-
duces the width of the intermediate state and changes the
intermediate wave states. In the case with a non-zero right
state tangential velocity vt(L,R) = (0, 0.9), the density and
pressure in the intermediate states is increased, whereas in
the case with non-zero tangential velocities for both states
vt(L,R) = (0.9, 0.9), they are decreased. For both cases, the
normal velocity in the intermediate states is reduced. As
stated above and first noted by Pons et al. (2000); Rezzolla
& Zanotti (2002), this effect is a purely relativistic one that
is not present in the Newtonian Riemann problem, where
the tangential velocity has no effect on the qualitative wave
pattern in the solution.
5.2 Reactive relativistic Riemann problem
The wave pattern of the solution to the reactive Riemann
problem can be sensitive to initial conditions. In Figure 8,
the effect on a detonation of changing the energy of reaction
q can be seen. In this example, when q = 0.01, the solution
contains a left-going CJ deflagration (CJDF←R←)C S→.
Increasing the reaction energy causes the left-going reactive
wave in the system to transition to a weak deflagration when
q = 0.6, WDF← C S→, then on to a CJ detonation when
q = 0.7, (CJDT←R←)C S→.
5.3 Tangential velocity
As described above, Pons et al. (2000); Rezzolla & Zanotti
(2002) found that sufficiently high tangential velocities can
change the wave pattern in the inert relativistic Riemann
problem. Here we investigate this for the reactive relativistic
system to see whether it could be relevant for X-ray bursts
on rapidly rotating neutron stars: given the conditions in
the ocean, would it be possible for a fast enough tangential
velocity to develop to induce a transition from deflagration
to detonation? As discussed in Section 4, although we are
interested in general relativistic effects, by using a suitable
coordinate transformation we can investigate these by con-
sidering the special relativistic problem.
As seen in Figure 9, we found that varying the tangen-
tial velocity can indeed change the wave pattern, causing the
reactive wave to transition from a deflagration to a detona-
tion. In the particular system shown, the reactive wave takes
all possible forms from CJ deflagration to strong detonation
as the tangential velocity is increased. This is not the case
for all systems. Clearly, for a system already containing a
strong detonation when vt = 0, increasing the tangential ve-
locity will only make the detonation stronger. However, even
for systems containing deflagrations when vt = 0, increas-
ing the tangential velocity may not be sufficient to induce a
transition – the system already has to be sufficiently close
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Figure 7. Exact solution of the inert relativistic Riemann problem for different initial tangential velocities, calculated using R3D2. All
cases share the initial conditions (ρ, vx, ε)L = (1, 0, 10), (ρ, vx, ε)R = (1, 0, 1). For the blue curves, vt(L,R) = (0, 0), for the orange dashed
curves, vt(L,R) = (0, 0.9), and for the green dot-dashed curves, vt(L,R) = (0.9, 0.9). The final state consists of a left-going rarefaction
wave, a contact wave and a right-going shock wave: R← C S→. Increasing the tangential velocity alters the intermediate state, reducing
the normal velocity.
Figure 8. Deflagration to detonation transition for different values of q = (0.01, 0.6, 0.7), corresponding to the solid blue, dashed orange
and dotted green curves respectively. The initial conditions are (ρ, vx, vt, ε)L = (1, 0, 0, 5.0), (ρ, vx, vt, ε)R = (1,−0.3, 0, 2). For q = 0.01,
the solution is a CJ deflagration, (CJDF←R←)C S→. As q is increased to q = 0.6, the CJ deflagration becomes a weak deflagration,
WDF← C S→, and at q = 0.7 this has transitioned to a CJ detonation, (CJDT←R←)C S→.
to transitioning for the increase in tangential velocity to be
able to ‘tip it over the edge’.
In order to determine whether or not this effect may
be relevant in neutron star oceans, we must consider initial
data that represents the properties of the system. To do this
we set the speed of light c = 1 then, as described by Mart´ı
& Mu¨ller (2015), we need to complete the system with two
independent units. Here we shall use a reference density and
temperature, setting ρr = 10
5 g cm−3 = 1 and Tr = 109 K =
1. Using thermodynamic quantities typical of the neutron
star ocean at the depth where helium burning would occur,
we get the rescaled values listed in Table 1. In the case of
a photospheric radius expansion (PRE) burst, the height of
the ocean increases by a factor of ∼ 10. This corresponds to
a decrease in the density of the burnt material by a factor
of 10.
We can use this rescaled data to model the ocean waves
near a burning front associated with a ‘realistic’ X-ray burst
MNRAS 000, 1–10 (2018)
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Figure 9. Deflagration to detonation transition for different values of vt,L = (0.0, 0.3, 0.6, 0.8), corresponding to the solid blue, dashed
orange, dash-dotted green and dotted red lines respectively. The initial conditions are (ρ, vx, vt, ε)L = (1, 0, 0, 5.0), (ρ, vx, vt, ε)R =
(1,−0.3, vt, 2). For vt,L = 0, the solution is (CJDF←R←) C S→. At vt,L = 0.3, the CJ deflagration has transitioned to a weak
deflagration, producing the solutionWDF← C S→. At vt = 0.6, the deflagration has transitioned to a CJ detonation, (CJDT←R←) C S→,
then at vt = 0.8, this has transitioned to a strong detonation, SDT← C S→.
Quantity cgs rescaled
ρ 105 g cm−3 ρr
p 4× 1022 erg cm−3 4× 10−4 ρr c2
q 6× 1017 erg g−1 6× 10−4 c2
ε 8× 1017 erg g−1 8× 10−4 c2
T 109 K Tr
Table 1. Typical properties of the neutron star ocean at a depth
where helium burning would occur (Strohmayer & Bildsten 2003;
Cavecchi et al. 2013) in cgs units and rescaled in units, where
we set c = 3× 1010 cm s−1 = 1, ρr = 105 g cm−3 = 1 and Tr =
109 K = 1.
using the initial left and right burnt and unburnt states
(ρ, ε)L =
(
0.1, 1.5× 10−4) , (32)
(ρ, ε, q, Cv, Ti)R =
(
1, 1.5× 10−4, 10−5, 10−4, 1) , (33)
where Cv is the heat capacity at constant volume and Ti is
the ignition temperature. We assume the system to initially
be static, with vx = vt = 0. This results in a CJ deflagration
propagating at ∼ 10−3 c, which is consistent with a burst
rise time of ∼ 1 s and with predictions by Spitkovsky et al.
(2002) for the maximum flame speed. Increasing the tan-
gential velocity until it approaches the speed of light, the
deflagration transitions to a CJ deflagration, but it is not
possible to produce a transition to a detonation by chang-
ing the tangential velocity alone. From this we can conclude
that conditions in the neutron star ocean are simply too far
away from the conditions required for a detonation for a
high tangential velocity to be able to induce a deflagration
to detonation transition.
6 SUMMARY
In neutron star oceans, it is conceivable that a burning front
moving latitudinally may encounter a region with a fast
tangential velocity produced by the star’s rotation. In Sec-
tion 5.3, we investigated whether a fast tangential velocity
may be able to cause a deflagration wave to transition to a
detonation. To do this, we considered the relativistic reactive
Riemann problem. Unlike for the Newtonian Riemann prob-
lem where only the velocity perpendicular to the interface is
relevant, in the relativistic case the tangential velocity can
become significant through the Lorentz factor. It was found
that such a transition is possible, but for systems already
on the verge of transitioning. Consequently, it is unlikely
that such a transition would occur for a burning front in a
neutron star ocean.
Relativistic deflagrations also occur in other astrophysi-
cal systems such as supernovae and gamma ray bursts. How-
ever, given the combination of extreme conditions required
for the transition to take place, it seems unlikely that this
transition would occur in these systems either. As we have
seen, not only does there need to be some process which
generates an extremely high, relativistic tangential velocity
(preferably over an extended period of time in order to max-
imise the chances of the reaction occurring), but the fluid
must also be very hot and on the verge of reacting (with-
out already having done so). The fluid must also be dense
enough that burning in the fluid with zero tangential veloc-
ity propagates as a deflagration rather than a detonation.
Core-collapse supernovae involve explosive burning of
fast moving material. The progenitor stars can have very
high rotation rates, so may even be possible for a fast tangen-
tial velocity to develop. However, even taking an optimistic
estimate of the surface rotational velocity of the progenitor
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of ∼ 300 km s−1, this is still only a fraction of a percent of
the speed of light. The burning is also believed to propa-
gate as a detonation from the start, so there would be no
opportunity for it to transition.
Black hole accretion disks are another system where hot,
burning material moving at high speeds can be found. Insta-
bilities in the inner accretion disk are believed to be a source
of gamma ray bursts (Perna et al. 2006). If the accretion disk
was rotating fast enough, and unreacted material from the
black hole jet were to fall back onto the disk, the necessary
conditions could potentially be reached for the transition to
occur. However, this is again very unlikely given how ex-
treme the conditions need to be.
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